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Abstract
Consider the periodic weighted operator Ty ¼ r2ðr2y0Þ0 in L2ðR; rðxÞ2 dxÞ; where the
real function r is 1-periodic positive, and let q ¼ r0=rAL2ð0; 1Þ: The spectrum of T consists of
intervals separated by gaps gn; nX1; with the lengths jgnj: Let hn be a height of the
corresponding slit in the quasimomentum domain and let gn; nX1; be the gap with the length




X0: The following results are obtained: (i) the quasimomentum k for
the weighted operator T is constructed and the basic properties of k are studied, (ii) two-sided




the asymptotics of the gap length jgnj as n-N; are determined. The proofs are based on the
analysis of the quasimomentum as a conformal mapping, embedding theorems and the
identities between the quasimomentum and the potential. In order to prove these results the
asymptotics of the fundamental solutions and the Lyapunov function are obtained at high
energy.
r 2002 Elsevier Science (USA). All rights reserved.
1. Introduction and main results
Consider the following equation:
f 00ðtÞ ¼ lb2ðtÞf ðtÞ; lAC; tAR; ð1:1Þ
where the function bX0 is 1-periodic and
R 1
0 bðtÞ dt ¼ 1: The corresponding (periodic
weighted) operator has (formally) the form Tbf ¼ bðtÞ2f 00ðtÞ in L2ðR; bðtÞ2 dtÞ: It
is well known [Kr,L] that the spectrum of Tb is absolutely continuous and consists of
intervals sn ¼ ½lþn1; ln ; where lþn1plnplþn ; nX1: These intervals are separated by
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the gaps gn ¼ ðln ; lþn Þ; with the length jgnjX0: If a gap gn is degenerate, i.e. jgnj ¼ 0;




¼ ðpnÞð1þ oð1ÞÞ as n-N ð1:2Þ
(see [AM]) which gives rough asymptotics of gap lengths. Let y1ðt; lÞ; y2ðt; lÞ be
fundamental solutions of Eq. (1.1) with the conditions y1ð0; lÞ ¼ y02ð0; lÞ ¼
1; y01ð0; lÞ ¼ y2ð0; lÞ ¼ 0: The Lyapunov function is deﬁned by DðlÞ ¼ 12ðy02ð1; lÞ þ
y1ð1; lÞÞ: The sequence lþ0ol1plþ1o? is the spectrum of Eq. (1.1) with the 2-
periodic boundary conditions, i.e. f ðx þ 2Þ ¼ f ðxÞ; xAR: Here equality means that
ln ¼ lþn is a double eigenvalue. We note that Dðl7n Þ ¼ ð1Þn; nX1: The lowest
eigenvalue lþ0 ¼ 0 is simple, Dð0Þ ¼ 1; and the corresponding eigenfunction equals 1.
The eigenfunctions corresponding to l7n have period 1 when n is even and they are
antiperiodic, f ðx þ 1Þ ¼ f ðxÞ; xAR; when n is odd. For each nX1 there exists a
unique point lnA½ln ; lþn  such that D0ðlnÞ ¼ 0: With the Lyapunov function DðlÞ we
associate a quasimomentum domain KðhÞ ¼ CW,Gn; where Gn ¼ ðpn þ ihn; pn 
ihnÞ; nAZ is an excised slit with the height hn ¼ hnX0; nX1; and h0 ¼ 0: The value
hn is deﬁned by the equation cos hn ¼ ð1ÞnDðlnÞ: We set h ¼ fhngN1 and zn ¼ﬃﬃﬃﬃﬃ
ln
p
40: Below we need the spectral domain




40; nX1; g ¼ fjgnjgN1 ;
where gn is a horizontal slit with the length jgnjX0: In Theorem 1.1 we prove that
there exists a conformal mapping k :ZðgÞ-KðhÞ and let zðÞ ¼ k1ðÞ is the inverse
function. With an endpoint of the gap gna|; we associate the effective mass M
7
n ¼
1=l00ðpn70Þ; nX1; and M0 ¼ 1=l00ð0Þ; where lðkÞ ¼ zðkÞ2: Note that 7M7m 40 and
M040 (see [KK2]).
The operator Tb arised in the following situations. Firstly, Tb is studied in the
photonic crystal problem, where eðtÞ ¼ bðtÞ2 is the dielectric coefﬁcient, periodic in t
(see [N]). Secondly, consider the propagation of one-dimensional waves in periodic
homogeneous media with the velocity c ¼ 1=b: Then we obtain the periodic weighted
operator Tcy ¼ c2ðtÞu00ðtÞ in L2ðR; c2ðtÞ dtÞ: Thirdly, consider a hydrogen atom in
an external, homogeneous, time-periodic magnetic ﬁeld BðtÞ ¼ z2bðtÞð0; 0; 1ÞAR3
with a vector potential Aðt; rÞ ¼ 1
2
½BðtÞ; r; where rAR3 is the radius vector of the
electron and z is the parameter (see [K6]). In this case the energy operator (periodic
in time) has the form
HðtÞ ¼ 1
2
ðir Aðt; rÞÞ2  1jrj; in L
2ðR3Þ:
For the scattering problem for HðtÞ in L2ðR3Þ the properties of Eq. (1.1) are
important. In the smooth case b40 and b0AL2ðTÞ;T ¼ R=Z; it is more convenient to
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use another form of Tb: In this case, without loss of generality, we assume bð0Þ ¼ 1:
















where tðxÞ is the inverse function for xðtÞ; r is 1-periodic and r0AL2ðTÞ: In this case
the operator Tr even with nonsmooth coefﬁcients, has the following form:
Trf ¼ r2ðr2f 0Þ0 ¼ f 00  2qf 0 in L2ðR; rðxÞ2 dxÞ: ð1:4Þ
The main goal of the present paper is to study the spectral properties of Tr in the
smooth case r40; r0AL2ðTÞ: There exists a big difference between the spectral
properties of the Hill operator and the operator Tr: The gap length of Tr can go to
inﬁnity at high energy (see (1.9)) and the gap length of the Hill operator tends to 0 at
high energy (see [GT,K1]). In the nonsmooth case bAL2ðTÞ there are no results
about the exact asymptotics of the fundamental solutions, etc. Firstly, we study the
fundamental solutions of (1.1) and the main problem is to determine their
asymptotics at high energy. The direct iteration of the corresponding integral
equation does not give the needed asymptotics at high energy as it was for the
Schro¨dinger equation. We construct a suitable modiﬁcation (see Section 2), which
makes it possible to obtain the asymptotics of the fundamental solutions at high
energy. Note that our asymptotics are signiﬁcantly better than the corresponding
asymptotics in [CM]. The results of the present paper about asymptotics have
already been used in a crucial way in the papers [BKK,KKo,K5,K6,K7,K8].
Secondly, we obtain the two-sided estimates of the norm jjqjj in term of various
parameters. These estimates are used to solve the inverse problem for Tr [KKo,K5]
including characterization. In order to have these estimates we need to construct the
conformal mappings and to study their basic properties. Thirdly, we determine the
asymptotics of gap lengths, etc, in terms of Fourier coefﬁcients of the function q
given by qˆn 
R 1
0 qðxÞei2pnx dx; nAZ: These asymptotics are new also.





the real Hilbert space






qðxÞ dx ¼ 0
 
:
Deﬁne the ball Bðp; tÞ ¼ fqAH : jjq  pjjotg for some t40; pAH: We formulate the
ﬁrst main result.
Theorem 1.1. (i) Let a function bX0 is 1-periodic and
R 1
0 bðtÞ dt ¼ 1; bAL2ð0; 1Þ: Then
there exists a unique conformal mapping (the quasimomentum) k :ZðgÞ-KðhÞ such
that cos kðzÞ ¼ Dðz2Þ and kð0Þ ¼ 0; kðiyÞ ¼ aiyð1þ oð1ÞÞ as y-N for some a40:
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(ii) Let, in addition, r40; r0AL2ðTÞ: Then the following relations are fulfilled:



















jz0ðkÞ  1j2 dv du;
k ¼ u þ iv; ð1:6Þ




z7n ¼ pn7jqˆnj þ cdðnÞ; ð1:8Þ
jgnj ¼ ð2pn þ cdðnÞÞð2jqˆnj þ cdðnÞÞ; ð1:9Þ
hn ¼ jqˆnj þ cdðnÞ; ð1:10Þ
jgnj ¼ 2jqˆnj þ cdðnÞ ð1:11Þ
for any fixed d41; as n-N; uniformly on Bðp; epÞ; for each fixed pAH and
ep ¼ 116e4jjpjj:
Remark. In analogy to the notation Oð1=nÞ we use the notation cdðnÞ; dX1:
For example, (1.10) means that there exists a sequence b ¼ fbnðqÞgAcd such
that jjbjjdp1 and hn ¼ jqˆnj þ bnOð1Þ; n-N; uniformly on Bðp; epÞ for each ﬁxed
pAH:
We introduce the sequence g ¼ fjgnjgN1 : It is well known that if qa0 then the




r40 shrinks and the length zn  zþn1op (see e.g.




r and the sequence
B ¼ fBng: If the function r ¼ 1 then the corresponding spectral band of Tr has the
form s0n ¼ ½p2ðn  1Þ2; p2n2; n40; with the band length js0nj ¼ p2ð2n  1Þ: It is well
known that if qa0 then the length of the spectral band js0nj4jsnj; i.e. each spectral
band of Tr shrinks (see e.g. [K2]). Deﬁne the band shrinkage bn ¼ js0nj  jsnj40 and
the sequence b ¼ fbng: Introduce the real Hilbert spaces c2ðmÞ; mAZ; of the sequences
ffngN1 equipped with the norm jjf jj2ðmÞ ¼
P
n40ð2pnÞ2mf 2n ; and let c2ð0Þ ¼ c2 with the
norm jj  jjð0Þ ¼ jj  jj: We formulate our second main result.
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jjqjjð1þ jjqjjÞ; jjqjjp8pjjgjjð1Þð1þ jjgjjð1ÞÞ; ð1:12Þ
1ﬃﬃﬃ
2





























jjbjjð1ÞpjjBjjp16 minfjjqjj; jjhjj; jjgjjð1þ jjgjjÞg: ð1:16Þ
Remark. For the proof we reformulate the problem for the differential operator as a
problem in conformal mapping theory. The important point in the proof is identity
(1.6).
Lyapunov was the ﬁrst who considered the spectral properties of the weighted
periodic operator [L]. He proved that the spectrum of Tb has band structure and
studied the needed properties of the Lyapunov function D: Later Krein [Kr]
reproved these results for the more general case including 2 2 systems. Firsova [F]
and Marchenko and Ostrovski [MO] introduced simultaneously the global
quasimomentum into the spectral theory of the Hill operator. Two-sided
estimates for various parameters of the Hill operator (the norm of a
periodic potential, effective masses, gap lengths, height of slits jhnj and so on)
were obtained in [KK1,KK2,K2,K3,K4,K7] and for the Dirac operator in
[KK2,K2,K4,K9,K10]. The sharp two-sided estimates for gap lengths and potential
were obtained in [K8].
2. Preliminaries
The main goal of this section is to study the integral equation (2.2) and the
asymptotics of its solutions. We use these results to determine the asymptotics of
the fundamental solutions and the Lyapunov function at large z: Let HC be the
complexiﬁcation of the real Hilbert space H with the norm jj  jjC : Deﬁne the ball
BCðp; tÞ ¼ fqAHC : jjq  pjjCotg for some t40; pAHC : Let Cð½0; 1Þ be the space of
continuous functions on ½0; 1 equipped with norm jjf jjc ¼ supjf ðxÞj; xA½0; 1: For
each function qAHC and any zAC deﬁne the linear operators a7ðz; qÞ;o7ðz; qÞ
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acting in Cð½0; 1Þ by the formulas






We now consider the solutions f7ð; z; qÞACð½0; 1Þ of the following equation:
f7ðz; qÞ ¼ e7ðzÞ  ðaþðz; qÞ þ aðz; qÞÞf7ðz; qÞ; e7 ¼ e7ðx; zÞ ¼ e7izx: ð2:2Þ






jf ðtÞj; nX1; ð2:3Þ




jf ðtÞj; nA2N ð2:4Þ
(see [PT]). Using (2.3) we deduce that for each ðz  qÞAC HC there exists the
inverse operator
r7ðz; qÞ ¼ ð1þ a7ðz; qÞÞ1 ¼ 1 a7ðz; qÞ þ a7ðz; qÞ2  a7ðz; qÞ3 þ? ð2:5Þ
and this series converges uniformly on bounded subsets of C HC : We need
Lemma 2.1. For each ðz  q  f ÞAC HC  Cð½0; 1Þ the following identities and an
estimate are fulfilled
ðr7ðz; qÞe7ðzÞf ÞðxÞ ¼ e
7izx






if f 0ACð½0; 1Þ; ð2:6Þ
r7e7 ¼ e7r ; ð2:7Þ
r7a7 ¼ o7 ¼ r1a7r; ð2:8Þ
r7 ¼ r1ð1 a7Þr; ð2:9Þ
jjðr7ðz; qÞ  1Þf jjcpjjf jjcjjqjjCejIm zjþjjqjjC : ð2:10Þ
E. Korotyaev / J. Differential Equations 189 (2003) 461–486466
Proof. We consider the case ‘‘þ’’. The case ‘‘’’ is similar. Let v ¼ erþðeþf Þ; then
we have











Differentiating the last identity we obtain v0 ¼ f 0  qv; which implies (2.6), since






which yields (2.8) and (2.9). Using (2.3) and standard estimates for the such integral
operators (see [PT]) we obtain (2.10). &
Deﬁne the following operators O7 in the space Cð½0; 1Þ:









Using (2.4) we deduce that for each z  qAC HC there exists the inverse operator
R7ðz; qÞ ¼ ðI  O7ðz; qÞÞ1 ¼ I þ O7ðz; qÞ þ O7ðz; qÞ2 þ O7ðz; qÞ3 þ? ð2:12Þ
and this series converges uniformly on bounded subsets of C HC :
Now we will prove the main results about the operators R7ðz; qÞ; a8 and
Eq. (2.2).
Lemma 2.2. For each z  qAC HC the following estimates and identities are
fulfilled:
jjðR7ðz; qÞ  IÞf jjcpjjqjjC jjf jjcejIm zjþ2jjqjjC ; ð2:13Þ
r8R7 ¼ 1rðI  a þ aþa  aaþayÞr; ð2:14Þ
jjðr8ðz; qÞR7ðz; qÞ  IÞf jjcpjjqjjC jjf jjcejIm zjþ2jjqjjC ; ð2:15Þ
ðI þ a þ aþÞrRþrþ ¼ I : ð2:16Þ
where fACð½0; 1Þ and the series (2.14) converges uniformly on bounded subsets of
C HC :
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Proof. Estimates (2.4) yield (2.13). Using (2.9),(2.12) we deduce that
r8R7 ¼ r1ðI  aÞrð1þ ðoþoÞ þ ðoþoÞ2yÞ
¼ r1ðI  aÞ½1þ ðaþaÞ þ ðaþaÞ2 þ?r
and multiplication gives (2.14). Moreover, by (2.4), this series converges uniformly
on bounded subsets of C HC : Substituting (2.3) and (2.4) into (2.14) we obtain
(2.15).
In order to show (2.16), we deﬁne the operator w ¼ aþarrþ: Then we have
ðI þ a þ aþÞrrþ ¼ ðI þ aþrÞrþ ¼ rþ þ aþrrþ
¼ rþ þ aþrþ  aþarrþ ¼ I  w: ð2:17Þ
Moreover, (2.8) yields
ðI þ aþÞðI  OþÞ ¼ ðI þ aþÞ  ðI þ aþÞOþ ¼ ðI þ aþÞ  aþra
¼ ðI  wÞðI þ aþÞ: ð2:18Þ
Hence (2.18) implies
Rþrþ ¼ ðI  OþÞ1ðI þ aþÞ1 ¼ ½ðI þ aþÞðI  OþÞ1 ¼ rþðI  wÞ1: ð2:19Þ
Then (2.17), (2.19) yield
ðI þ a þ aþÞrRþrþ ¼ ðI þ a þ aþÞrrþðI  wÞ1 ¼ ðI  wÞðI  wÞ1 ¼ I : &
Let W 2mð0; 1Þ denotes the Sobolev space of all complex valued functions on ½0; 1
which have mX0 derivatives in L2ð0; 1Þ and so on. Now we prove the basic results of
this section.
Lemma 2.3. (i) For each ðz  qÞAC HC there exists a unique solution f7 of Eq. (2.2)
which has the form
f7 ¼ r8R7r7e7 ¼ r8R7e7r ¼
1
r
ðI  a8 þ a7a8  a8a7a8 þ?Þe7; ð2:20Þ
where the series converges uniformly on bounded subsets of ½0; 1  C HC ; and the
following estimate is fulfilled:
jf7ðx; z; qÞjpejIm zjxþ2jjqjjC : ð2:21Þ
(ii) For each xA½0; 1 the function f7ðx; z; qÞ is entire on C HC : Moreover, f7 is
analytic as a map from C HC into W 21Cð0; 1Þ: If the sequence qn converges weakly to
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q in HC ; as n-N; then f7ðx; z; qnÞ-f7ðx; z; qÞ uniformly on bounded subsets of
½0; 1  C:
(iii) Moreover, for any fixed d42 the following asymptotic estimates
























e7i2zðtsþuÞqðtÞqðsÞqðuÞ du ¼ ðcdðnÞÞ3 ð2:25Þ
as n-N; uniformly on ½0; 1  fjz  pnjppg  HC :
Remark. ½cdðnÞ2 in (2.22) means that there a sequence Z ¼ fZnðqÞgAcd such that
jjZjjdp1; and ½cdðnÞ2 ¼ ZnðqÞ2Oð1Þ; n-N:
Proof. (i) Identities (2.16), (2.7) and (2.14) yield (2.20). Estimate (2.21) follows from
(2.3) and (2.4).
(ii) Here we used the standard arguments (see [PT]). Fix xA½0; 1: The series in
(2.20) converges uniformly on bounded subsets of C HC : Each term in this series is
an entire function. Then f7ðx; z; qÞ is also an entire function on C HC :
Denote the terms in series (2.20) by F7;nðx; z; qÞ; nX0: If the sequence qn converges
weakly to q in HC ; as n-N; then jjqjjpsupjjqnjjoN: Then for ﬁxed n we have
F7;nðx; z; qnÞ-F7;nðx; z; qÞ uniformly on bounded subsets of ½0; 1  C: Then
f7ðx; z; qnÞ-f7ðx; z; qÞ uniformly on bounded subsets of ½0; 1  C; since the series
in (2.20) converges uniformly on bounded subsets of ½0; 1  C HC :
(iii) (2.23)–(2.25) are determined in Lemmas 6.1 and 6.2. Using (2.20) we obtain
f7 ¼ 1rðI  a8 þ a7a8  a8a7a8Þe7 þ r8ðzÞR7ðzÞf
0
7ðzÞ; f 07 ¼ ½a7a8Þ2e7
and the estimate (2.15) yields
jjr8ðzÞR7ðzÞf 07ðzÞjjcpejIm zjþ2jjqjjC jjqjjC jjf 07ðzÞjjc:
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Then the last estimates together with the asymptotics of f 07 from Lemmas 6.1 and 6.2
of our appendix gives (2.22). &
3. Fundamental solutions
In this section we derive some useful results concerning the fundamental solutions
jðx; z; qÞ and Wðx; z; qÞ of the following equation:
f 00  2qf 0 ¼ z2f ; zAC; qAH ð3:1Þ
with the conditions jð0; z; qÞ ¼ W0ð0; z; qÞ ¼ 0;j0ð0; z; qÞ ¼ Wð0; z; qÞ ¼ 1: The
Lyapunov function for Tr is deﬁned by Dðz; qÞ ¼ 12ðj0ð1; z; qÞ þ Wð1; z; qÞÞ: It
is well known that Dðz; qÞ ¼ Dðz2Þ: We now describe the basic properties
of the fundamental solutions j; W: They satisfy the following integral
equations:





sin zðx  tÞ
z
2qðtÞj0ðt; z; qÞ dt; ð3:2Þ
Wðx; z; qÞ ¼ cos zx 
Z x
0
sin zðx  tÞ
z
2qðtÞW0ðt; z; qÞ dt;
where ðx  z  qÞA½0; 1  C HC : Hence, we obtain the equations for
j0ðx; z; qÞ; W0ðx; z; qÞ:
j0ðx; z; qÞ ¼ cos zx 
Z x
0
cos zðx  tÞ2qðtÞj0ðt; z; qÞ dt; ð3:3Þ
W0ðx; z; qÞ ¼ z sin zx 
Z x
0
cos zðx  tÞ2qðtÞW0ðt; z; qÞ dt: ð3:4Þ
For the Wronskian wðx; qÞ ¼ Wðx; z; qÞj0ðx; z; qÞ  W0ðx; z; qÞjðx; z; qÞ we have the
well-known formula
wðx; qÞ ¼ rð0Þ
2
rðxÞ2; xAR
and since wð0; qÞ ¼ 1 then we get wð0Þ ¼ wð1Þ ¼ 1: Below we need the following
identities:
j0ðx; z;qÞ ¼ rðxÞ2Wðx; z; qÞ; jðx; z;qÞ ¼ rðxÞ
2
z2
W0ðx; z; qÞ ð3:5Þ
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(see [CM]). In order to study j; W we will investigate j0; W0: Deﬁne the functions
fþ ¼ j0  i W
0
z






ðfþ þ fÞ; W0 ¼ z
2i
ðf  fþÞ: ð3:6Þ
Using (3.3), (3.4) and (3.6) we have the following equations:
f7ðx; z; qÞ ¼ e7izx 
Z x
0
cos zðx  tÞ2qðtÞf7ðt; z; qÞ dt; ð3:7Þ
which have the short form (2.2). This equation was studied in Section 2, and by
Lemma 2.3, Eq. (3.7) has unique solutions of the form (2.20). Now we formulate
basic results about the properties of the fundamental solutions.
Lemma 3.1. For each xA½0; 1 the functions jðx; z; qÞ; Wðx; z; qÞ are entire on C HC :
Moreover, j and W are analytic as a map from C HC into W 22Cð0; 1Þ and the
following estimates are fulfilled:
maxfjzjðx; z; qÞj; jj0ðx; z; qÞj; jWðx; z; qÞj; jz1W0ðx; z; qÞjgpejIm zjxþ2jjqjjC : ð3:8Þ
If the sequence qn converges weakly to q in HC ; then cðx; z; qnÞ-cðx; z; qÞ uniformly
on bounded subsets of ½0; 1  C; where c is one from the functions j;j0; W; W0:
Moreover, for any fixed d41 the following asymptotics:
jðx; z; qÞ ¼ 1
zrðxÞ sin zx þ
Z x
0




j0ðx; z; qÞ ¼ 1
rðxÞ cos zx 
Z x
0




hold as n-N; uniformly on bounded subsets of ½0; 1  fjz  pnjppg  HC :
Proof. The proof follows from the corresponding properties of the functions f7;
given in Lemma 2.3, and identities (3.5) and (3.6). &
If we will need the dependence of y1; y2; D;y on b; we will write y1 ¼
y1ðx; l; bÞ; y2 ¼ y2ðx; l; bÞ; D ¼ Dðl; bÞ: Now we prove some properties of the
fundamental solutions y1; y2 of Eq. (1.1).
Lemma 3.2. Let c be one from the functions y1; y01=z; zy2; y
0
2: Then for each ðt 
bÞA½0; 1  L2ðTÞ; R 1
0
bðtÞ dt ¼ 1; the function cðt; z; bÞ is entire and is real on R and
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the following estimates are fulfilled:
jcðt; z; bÞjpejIm zjtþ2jzjjjbjj2 : ð3:11Þ
If the sequence bn-b converges weakly to b in L
2ð0; 1Þ; then cðt; z; bnÞ-cðt; z; bÞ
uniformly on bounded subsets of ½0; 1  C: Moreover, for any fixed bAL2ðTÞ the
solutions y1ð; z; bÞ; y2ð; z; bÞ are analytic as maps from C into W 22 ð0; 1Þ:
Proof. We consider y1: The other functions are treated similarly. Rewriting
Eq. (1.1) in the form y00  z2y ¼ z2ry; where r ¼ b2  1; we have the following
equation for y1:
y1ðt; lÞ ¼ cos zt  z
Z t
0
sin zðt  tÞðb2ðtÞ  1Þy1ðt; lÞ dt:
Repeating the standard arguments from [PT] for Eq. (3.12) we obtain the series
y1ðt; lÞ ¼ cos zt  z
Z t
0




sin zðt  tÞrðtÞ dt
Z t
0
sin zðt t1Þrðt1Þ cos zt1 dt1 þ? : ð3:12Þ
Using the simple estimates jcos zjpejIm zj and jsin zt
z
jpejIm zjt; tA½0; 1 andR x
0 jrðtÞj dtpjjbjj2; we have the inequality















jrðtÞj dtpejIm zjtþjzjjjbjj2 :
Hence series (3.13) converges uniformly on bounded subsets of ½0; 1  C HC :
Using this series and repeating the standard arguments for the Hill operator (see
[PT]) we have the other statements. &
We need the following results about the Lyapunov function.
Lemma 3.3. Let bAL2ðTÞ: Then
(i) the function DðÞ is entire and the estimate jDðlÞjpejIm zjþjzjjjbjj2 holds.
(ii) If the sequence bn; nX1; converges weakly to b in L2ðTÞ; then Dðl; bnÞ-Dðl; bÞ
uniformly on bounded subsets of C:
(iii) the zeroes of the function D2  1 are real and they satisfies the asymptotics
(1.2).
(iv) The zeroes of the entire function D are real and simple,
(v) If D0ðl0Þ ¼ 0 for some l0; then jDðl0ÞjX1 and Dðl0ÞD00ðl0Þo0:
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Proof. Using Lemma 3.2 we obtain the statements of (i) and (ii). The other results
follow from [AM,Kr] (see (1.2)). &
Below we will consider the case when r00AL2ðTÞ: Deﬁne the unitary transform
U : L2ðR; r2 dxÞ-L2ðRÞ given by yðxÞ ¼ ðUf ÞðtÞ ¼ rðxÞf ðxÞ: Then we obtain the
Hill operator TV given by
TV ¼ UTrU1   d
2
dx2











VðxÞ ¼ q0ðxÞ þ q2ðxÞ ¼ r
00ðxÞ
rðxÞ ; ð3:13Þ
acting in the Hilbert space L2ðRÞ: In this case V is a 1-periodic real function from
L2ðTÞ:
Let *mn; nX1; be the spectrum of (1.1) with boundary condition yð0Þ ¼ yð1Þ ¼ 0:
Let *nn; nX0; be the Neumann spectrum of (1.1) with boundary condition y0ð0Þ ¼
y0ð1Þ ¼ 0: Now we prove some properties of *mn; *nn:
Lemma 3.4. Let bAL2ðTÞ: Then the following identities are fulfilled:
Z 1
0
b2ðtÞy22ðt; *mnÞ2 dt ¼ y2lð1; *mnÞy02ð1; *mnÞ40; nX1; ð3:14Þ
Z 1
0
b2ðtÞy1ðt; *nnÞ2 dt ¼ y1l0ð1; *nnÞy1ð1; *nnÞ40; nX0; ð3:15Þ
*n0 ¼ 0 and *mn; *nnA½ln ; lþn ; nX1: Thus, all roots of y1ð1; lÞ; y2ð1; lÞ are simple.
Proof. The proof is given for *nn: It is similar for *mn: Let u ¼ y1ðx; lÞ: Differentiating
Eq. (1.1) with respect to l we obtain
u00l ¼ b2ðu þ lulÞ:
Multiplying last equation by u; Eq. (1.1) by ul and taking the difference, we have the
identity
b2u2 ¼ u00ul  u00lu ¼ ½ul; u0;
which yields
jjujj2b ¼ ½ul; uj10 ¼ y1l0ð1; lÞy1ð1; lÞ; l ¼ *nn;
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since y01ð1; *nn; bÞ ¼ 0: Deﬁne the function DðlÞ ¼ 12ðy02ð1; lÞ  y1ð1; lÞÞ; then the
Wronskian equality yields
D2  ðD2  1Þ ¼ ðD  DÞðD þ DÞ þ 1 ¼ 1 y1y02 ¼ y01y2; ð3:16Þ
where y1 ¼ y1ð1; lÞ; y2 ¼ y2ð1; lÞ: The last identity gives y01ð1; lÞy2ð1; lÞo0 inside
the spectrum, and shows that the zeroes of the functions y01ð1; lÞ; y2ð1; lÞ belong to
the ‘‘closed’’ gaps
S½ln ; lþn ; nX1; or equal 0. It is clear that *n0 ¼ 0 only and
y1ðx; 0Þ ¼ 1:
Consider the gaps gn; nX1: First, let gn ¼ |: Then l ¼ ln ¼ lþn is the periodic
(anti-periodic) eigenvalue. Moreover, y01ðx; lÞ; y2ðx; lÞ are the periodic (anti-
periodic) functions. Hence l7n is both a Dirichlet eigenvalue and a Neumann
eigenvalue. Then by (3.14), l7n is a simple Dirichlet eigenvalue.
Second, consider the case of a gap g ¼ ðl; lþÞa|: Let some Dirichlet
eigenvalue mA%g: Assume that Dðl; bÞ41; lAg: Then the Wronskian identity
y1y
0
2  y01y2 ¼ 1 yields y02ð1; mÞ40 and y1ð1; m; bÞ40: Hence (3.14) implies
y2lð1; mÞ40 and then there exists only one Dirichlet eigenvalue on this gap %g and
no others.
We need to show now that in this closed gap %g ¼ ½l; lþ there exists exactly one
Dirichlet eigenvalue m: We argue by contradiction. Assume that the function
y2ð1; l; bÞ has no zero on the closed gap ½l; lþ: Deﬁne the interval g7ðtÞ ¼
½l8t; lþ7t for some t40: We take small t40 such that 0oDðl77t; bÞo
1 a; Dðl; bÞ41þ a; lAgðtÞ; and jy2ð1; lÞj42a; lAgþðtÞ for some a40:
Let bm-bX0 strongly in L2ð0; 1Þ as m-N; where bmAW 22 ðTÞ and bmðxÞ4
0; xA½0; 1 for any mX1: Then by Lemmas 3.2 and 3.3, cð1; l; bnÞ-cð1; l; bÞ
uniformly on bounded subsets of C; where c is one of the functions y1; y01; y2; y
0
2; D:
Hence, there exists M such that jy2ð1; l; bmÞj4a; lAgþ for any m4M: On the other
hand there exists a gap gðbmÞCgþ: Using the unitary transformation (3.13) we obtain
the Hill operator with a periodic potential VmAL2ð0; 1Þ: In this case, it is well known
that the function y2ð1; l; bmÞ has a zero in the gap gðbmÞ: This implies a contradiction.
Thus the function y2ð1; l; bÞ has exactly one zero in the gap g: &
We now will prove a simple result about open gaps, the Neumann and Dirichlet
eigenvalues for the equation c2ðxÞy00ðxÞ ¼ lyðxÞ (see [GS] for the Hill operator).
Theorem 3.5. Consider the Eq. c2ðxÞy00ðxÞ ¼ lyðxÞ; where the positive function
cALNðTÞ; cAC2ð0; 1Þ and let c00c0 on ð0; 1Þ:
If c00ðxÞX0 as xAð0; 1Þ; then each *mno*nn; nX1:
If c00ðxÞp0 as xAð0; 1Þ; then each *nno *mn; nX1:
In these two cases any gap of Tb; b ¼ 1=c is open.
Proof. Recall that y1; y2 are the fundamental solutions of Eq. (1.1). The function
u ¼ y01ðx; lÞ satisﬁes the following equation c2u00  2cc0u0 ¼ lu: We rewrite the last
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relation in the form cðcu00 þ 2c0u0 þ c00uÞ þ cc00u ¼ lu and deﬁning the new function









Proving we apply the well-known results from the Sturm theory to Eqs. (1.1), (3.17).
Let c00ðxÞX0 as xAð0; 1Þ; and l ¼ *nn: Then y1ðx; lÞ has n zeroes on the
interval ð0; 1Þ: Hence the function y01ðx; lÞ has mXn  1 zeroes on the interval
ð0; 1Þ and MXn þ 1 zeroes on the segment ½0; 1: Then by (1.1), (3.17) and the
Sturm theorem y2 has NXn zeroes on the interval ð0; 1Þ and N þ 1 zeroes
on the segment ½0; 1: If l decreases then the zeroes of y2 move to the right
and when ðn þ 1Þth zero hits the point 1 we have the Dirichlet eigenvalue and hence
*mno*nn:
Let c00ðxÞp0 as xAð0; 1Þ; and l ¼ *mn: Then y2ðx; lÞ has n þ 1 zeroes on ½0; 1:
Hence by (1.1), (3.17) and the Sturm Theorem, the function y01ðx; lÞ has mXn zeroes
on the interval ð0; 1Þ and m þ 1 zeroes on ½0; 1Þ: If l decreases then the zeroes of y01
move to the right and when ðn þ 1Þth zero hits the point 1 we have the Neumann
eigenvalue and hence *nno *mn: &
4. Quasimomentum and asymptotics
We need some results about the Lyapunov function for Eq. (3.1). Deﬁne the
functions D1;D2 by the formulas








qðsÞ cos zð1 2t þ 2sÞ ds: ð4:2Þ
Below we need D1ðpn; qÞ; nX1: The simple integration gives






qðxÞ½cos 2pnt cos 2pnx þ sin 2pnx sin 2pnt dx: ð4:3Þ
Let fcðtÞ ¼
R t
0 qðtÞ cos 2pnt dt; fsðtÞ ¼
R t
0 qðtÞ sin 2pnt dt: Then we have
D1ðpn; qÞ ¼ ð1Þn
Z 1
0




We need the following results about the Lyapunov function for Eq. (3.1).
Lemma 4.1. (i) If the sequence qn; nX1; converges weakly to q in H; then
Dðz; qnÞ-Dðz; qÞ uniformly on bounded subsets of C: The function Dð; Þ is entire on
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C HC and for fixed zAC the function Dðz; qÞ is even with respect to qAHC ; i.e.,
Dðz;qÞ ¼ Dðz; qÞ; qAHC :
(ii) We have
D2ðz; qÞ ¼ Rþðz; qÞO2þðz; qÞ
eþðzÞ
2r
ð1Þ þ Rðz; qÞO2ðz; qÞ
eðzÞ
2r
ð1Þ; qAHC : ð4:5Þ
(iii) Moreover, for any fixed d41 the following asymptotics are fulfilled:
D1ðz; qÞ ¼ cdðnÞ; D2ðz; qÞ ¼ ðcdðnÞÞ2; as jzj-N; jz  pnjpp=2: ð4:6Þ
These asymptotics are infinitely differentiable with respect to z and are satisfied
uniformly on bounded subsets of ½0; 1  HC :
Proof. (i) was proved in [K5]. (ii) Identities (4.1) and (3.6) imply
Dðz; qÞ ¼ 1
4
ðfþð1; z; qÞ þ fð1; z; qÞ þ fþð1; z;qÞ þ fð1; z;qÞÞ: ð4:7Þ
Substitution of (2.20) into (4.7) yields
Dðz; qÞ ¼ ð1 OþÞ1ðeþ=2rÞ þ ð1 OÞ1ðe=2rÞ; ð4:8Þ
and then we have (4.5), since



































The asymptotics estimates of Lemma 6.2 yield O27ðe7=rÞ ¼ ðcdðnÞÞ4 and using (2.13)
we deduce that R7O27ðe7=rÞ ¼ ðcdðnÞÞ4 as n-N; jz  pnjpp; which together with
(4.5) implies (4.6) uniformly on bounded subsets of ½0; 1  HC : &
We need some results about the convergence of the quasimomentum.
Lemma 4.2. Let zð; hÞ : KðhÞ-ZðgÞ be a conformal mapping for some hAc2: Assume
that hn-h strongly in c2; as n-N and the sequence of conformal mappings
zð; hnÞ : KðhnÞ-ZðgnÞ converges to zð; hÞ uniformly on compact domains in TKðhnÞ:
Then Q0ðhnÞ-Q0ðhÞ; as n-N:





npe2: Let Z be one of the vectors h; hn; nXN: Then we have the identity
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zðk; ZÞ dk ¼ 2
Z Zn
0
½zðpn þ iv þ 0; ZÞ  zðpn þ iv  0; ZÞ dvp2Z2n;
which yields RNðhÞpe2; RNðhnÞp4e2; n4N; and together with INðhnÞ-INðhÞ as
n-N we derive Q0ðhnÞ-Q0ðhÞ: &
We now prove the main ﬁrst result about the weighted periodic operator.
Proof of Theorem 1.1. We show asymptotics (1.7)–(1.11) as n-N: Using the
asymptotic estimates zn ¼ pn þ cdðnÞ; n-N; uniformly on BðpÞ ¼ fq : jjp 
qjjoepg; ep ¼ 82e4jjpjj for each pAH (from [K5]), and (4.6) we have z7n ¼ pn þ
oð1Þ: We improve the last result. Let rn ¼ z7n  pn: Substituting (4.6) into Dðz7n ; qÞ ¼
ð1Þn we obtain ð1Þn ¼ ð1Þn cos rn þ cdðnÞ and then sin2ðrn=2Þ ¼ cdðnÞ; which
yields
rn ¼ cd=2ðnÞ; n-N: ð4:11Þ




¼ ð1ÞnD1ðpn þ rn; qÞ þ ðcdðnÞÞ2 ¼ jqˆnj
2
2
þ xnrn þ ðcdðnÞÞ2;






¼7jqˆnj þ cdðnÞ; n-N:
Using the last estimates we have (1.8) and (1.11). Moreover, substituting (1.8) into
the identity jgnj ¼ ðzþn þ zn Þðzþn  zn Þ we get (1.9).
We show (1.12). Asymptotics (4.6) implies hn-0: We improve the last result.
Identities (4.1), (4.6) and asymptotics zn ¼ pn þ cdðnÞ; n-N (from [K5]), yield
ð1Þn cosh hn ¼ Dðzn; qÞ ¼ cos zn þ D1ðzn; qÞ þ ðcdðnÞÞ2; n-N:
E. Korotyaev / J. Differential Equations 189 (2003) 461–486 477
By Lemma 4.1, the following asymptotics estimates hold:
D1ðzn; qÞ ¼ ð1Þnð1=2Þjqˆnj2 þ D01ðpn; qÞsn þ ðcdðnÞÞ2; sn ¼ zn  pn:
Hence we obtain h2n ¼ jqˆnj2 þ 2xnsn þ ðcdðnÞÞ2; which yields (1.10).
We now show that there exists a quasimomentum with the properties stated in
Theorem 1.1. By Lemma 3.3, the entire function Dðz2; bÞ satisﬁes the conditions:
Dð0Þ ¼ 1; each zero of the equation D2ðzÞ  1 is real and their number is equal to
inﬁnity. Then by results of Marchenko and Ostrovski [MO], there exists a unique
conformal mapping k :ZðgÞ-KðhÞ such that Dðz2; bÞ ¼ cos kðzÞ; zAC; and kð0Þ ¼
0; kðiyÞ ¼ aiyð1þ oð1ÞÞ as y-N for some a40:
Assume that qAH: Asymptotics (1.10) yields hAc2: In the paper [KK1] the
following results were proved: assume that k :ZðgÞ-KðhÞ is aconformal mapping,
where hAc2; then (1.5) is fulﬁlled and 2Q0ðhÞ ¼ 2p
R
R
vðtÞ dt ¼ 1p
R R
C
jz0ðkÞ  1j2 dv du:
In order to show (1.6) we have to prove 2Q0ðhÞ ¼ jjqjj2: Let qn-q strongly in H as
n-N; where qnAW 21 ðTÞ: For each n41 the potential V n ¼ ðqnÞ0 þ ðqnÞ2AL2ðTÞ (see
(3.13)). It is well known (see [MO]) that there exists the quasimomentum
kn :ZðgnÞ-KðhnÞ such that knðzÞ ¼ arccos Dðz; qnÞ; zAZðgnÞ; and









V nðtÞ dt ¼ 1
2
jjqnjj2: ð4:12Þ
We get 2Q0ðhnÞ ¼ jjqnjj2jj-jjqjj: We need to show Q0ðhnÞ-Q0ðhÞ as n-N: Indeed,
we have qn-q strongly in H as n-N; and the author [K5] proved hn-h strongly
in c2 as n-N: Lemma 4.1 yields Dðz; qnÞ-Dðz; qÞ uniformly on bounded
subsets of C: Hence the Inverse Function Theorem implies the convergence of the
mappings zð; hnÞ  kð; hnÞ1 : KðhnÞ-ZðgnÞ to zð; hÞ uniformly on compact
domains in
S
KðhnÞ; as n-N: Then using Lemma 4.2, we obtain Q0ðhnÞ-Q0ðhÞ;
as n-N:
We show (1.7). By cos k ¼ Dðz; qÞ we have 2z sin k ¼ l0ðkÞD0ðz; qÞ; the identity
z0ðpnÞ ¼ 0 implies 2z7n cos pn ¼ l00ðpn70ÞDðz7n ; qÞ and M7n ¼ ð1ÞnD0ðz7n ; qÞ=
2z7n : Using (4.6) and (1.8), we obtain D
0ðz7n ; qÞ ¼ sin z7n þ cdðnÞ ¼8ð1Þnjqˆnj þ
cdðnÞ and we get (1.7). &
5. Estimates and examples
We have proved that the mapping k :ZðgÞ-KðhÞ is conformal and we now prove
the second main result about the estimates.
Proof of Theorem 1.2. In [K4] the author studied the metric properties
of the conformal mapping k :ZðgÞ-KðhÞ with the norming asymptotics
(1.5). Our mapping belongs to this class and in [K4] the following estimates were












ID; ID ¼ 1p
Z Z
C


























Then inequalities (5.1)–(5.4) together with identity (1.6) yield (1.13)–(1.15).





ðzþn þ zn Þ2
p2ID ¼ 2jjqjj2: ð5:5Þ












In [KK3] (see also [K3]) the estimate was proved h2þoID: Then identity (1.8) implies
hþojjqjj; which together with (5.6) yields the ﬁrst estimate in (1.12). In order to show
the second one we substitute ID ¼ jjqjj2 and (5.1) into the inequality IDp4jjhjjjjgjj1
(from [K3]) and we obtain
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which gives (1.12). We prove the ﬁrst estimate in (1.16). The deﬁnitions of bn yields
bn ¼ p2ð2n  1Þ  ½ðzn Þ2  ðzþn1Þ2 ¼ p2ð2n  1Þ  jsnjðzn þ zþn1Þ
¼ pð2n  1ÞBn þ jsnjon;
where on  pð2n  1Þ  ðzn þ zþn1Þ: Using the identities zn ¼ zþn1 þ jsnj; zþn1 ¼Pn1
1 ðjsmj þ jgmjÞ; we deduce that
on ¼ Bn þ 2
Xn1
1




Using the estimates jsnjpp from [K2] and bn40 we obtain 0obnp2pnBn þ 2pyn:
Then we have the ﬁrst estimate in (1.16): jjbjjð1ÞpjjBjj þ 2pjjyjjð1Þp3jjBjj; where
we have used the Hardy inequality (see [HLP]) jjyjjð1Þp1pjjBjj: Using (5.6) we have
others estimates in (1.16). &
We consider few examples.
Example 1. Consider the velocity cðtÞ as a 1-periodic function of xAR and let









arctan t; xð1=2Þ ¼ 1; c0 ¼ 2 arctan 1
2
:
We have qðxÞ ¼ 1
2








tðxÞei2pnx dx ¼ ð1Þn c0
i2pn
þ Oð1=n2Þ;
which gives the asymptotics of gn; hn;y as n-N (see (1.7)–(1.11)). By Theorem 3.5,
each gap of Tc is open and *mno*nn; nX1:
Example 2. We consider Eq. (1.1), where b is 1-periodic function such that b ¼
1; tAA ¼ ½0; 1
2
 and b ¼ a; tAB ¼ ½1
2
; 1: First, we ﬁnd the fundamental solution y2:
y2ðt; zÞ ¼ sin zt
z
; tAA; and y2ðt; zÞ ¼ C1 sin zat
za
þ C2 cos zat
za
; tAB ð5:9Þ
and let r ¼ za
2











¼ C1 sin r
za










¼ C1 cos r  C2 sin r:
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These equations have the following solutions:
C1 ¼ a sin r sin z
2
þ cos r cos z
2
; C2 ¼ a cos r sin z
2
 sin r cos z
2
: ð5:10Þ
Using the same way we ﬁnd the function y1:
y1ðt; zÞ ¼ cos zt; tAA; and y1ðt; zÞ ¼ M1 sin zat þ M2 cos zat; tAB: ð5:11Þ
Then the coefﬁcients M1; M2 have the form















The Lyapunov function has the form
Dðz2Þ ¼ 1
2
ðy02ð1; zÞ þ y1ð1; zÞÞ ¼ 12½S1 cos za þ S2 sin za; ð5:13Þ
where the functions S1; S2 are given by







þ 2 cos r cos z
2







þ 2 sin r cos z
2
:
We study the function D: If parameter a is integer then the function Dðz2Þ is periodic











and Dðz2Þ is 4p-periodic. Note that if we take the step-function b with rational
parameters then we obtain the Lyapunov function D periodic in z: In this case the
asymptotics of the Lyapunov function is absent and we have the exact periodic
picture.
Appendix
In this section we ﬁnd the asymptotic estimates of the following integral:
J71 ðx; zÞ ¼
Z x
0
e7iztqðtÞ dt; J72 ðx; zÞ ¼
Z x
0
e8iztqðtÞJ71 ðt; zÞ dt;
J73 ðx; zÞ ¼
Z x
0
e7iztqðtÞJ72 ðt; zÞ dt; J74 ðx; zÞ ¼
Z x
0
e8iztqðtÞJ73 ðt; zÞ dt;
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Deﬁne the constants





























where jxj1  jx þ ij and note that v7np2w7n: Below we need the simple estimate
jm  zjXð1=2Þjmj1; if zAC; jzj ¼ 1=2; mAZ: ðA:2Þ
We prove the needed estimates
Lemma A.1. Let jz  njp1=2; xA½0; 2p and let C0 ¼ 4ep: Then















ðm7zÞðm þ pÞ; jz  nj ¼ 1=2; ðA:4Þ
jJ71 ðx; zÞjpC0u7n; jJ72 ðx; zÞjpC0ðu27m þ v27m þ w27nÞ; jz  njp1=2; ðA:5Þ
u7; v7mw7Acd ; d42: ðA:6Þ
Proof. The substitution of (A.1) and the simple integration give












which yields (A.3). Enough to show (A.4) for the case jz  nj ¼ 1=2: The substitution
of (A.3), (A.1) and the integration imply
J72 ðx; zÞ ¼
Z x
0
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jm7nj1jm þ pj1jm þ p þ r7nj1
; nAZ;






B7mprðnÞjqmprj; W 47n ¼
X B7mprðnÞjqsj
jm þ p þ r þ sj1




J˜72 ðx; zÞ ¼
R x
0 e
8iztqðtÞ dt; which have the same estimates as J71 ; J72 : We now
consider J73 ; J
7
4 :
Lemma A.2. Let jz  njp1=2 and xA½0; 2p: Then
jJ73 ðx; zÞjpw27nðjJ˜71 ðx; zÞj þ jJ71 ðx; zÞjÞ þ u7njJ82 ðx; zÞj þ U37n; ðA:8Þ
jJ74 ðx; zÞjpC0½w27nðjJ˜72 ðx; zÞj þ jJ72 ðx; zÞjÞ þ u7njJ83 ðx; zÞj
þ U37njJ81 ðx; zÞj þ W 47n; ðA:9Þ
U7W7Acd ; d42: ðA:10Þ
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Proof. Enough to show (A.8) and (A.9) for the case jz  nj ¼ 1=2: The substitution
of (A.5), (A.1) implies
J73 ðx; zÞ ¼
Z x
0








and then the simple integration yields








ðm7zÞðm þ pÞ dt





ðm7zÞðm þ pÞðm þ p þ r7zÞ;
which gives the identities for the case jz  nj ¼ 1=2 and xA½0; 2p





We now determine J74 ðx; zÞ: The substitution of (A.11) implies
J74 ðx; zÞ ¼
Z x
0
e8iztqðtÞ½b720ðzÞJ˜71 ðx; zÞ  b721ðzÞJ71 ðx; zÞ þ b71 ðzÞJ82 ðx; zÞ
þ b73 ðzÞÞ dt þ I84 ðx; zÞ;
where the last term has the form

















iðm þ p þ r þ sÞ ;
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which imply





iðm þ p þ r þ sÞ : ðA:12Þ
Using (A.11) we have (A.8) and (A.12) yields (A.9).
We estimate U7n; W7n for real q and ‘‘þ’’, the proof for complex q and ‘‘’’ is
similar. Let y2p ¼
P





















which yields UþAcd ; d42: Consider now the more complicated case W7: Let Y 2p ¼P



































which yields WþAcd ; d42: &
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